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Lepton mixing from discrete groups

o A4 = (Zg X ZQ) X Z3 = <S,T>
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(£2xZ2 most general choice if mixing angles do
not depend on masses & Majorana Vs)

(Z3 smallest choice, but can also be
continuous)
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An A4 Prototype model

® (A4Z4) charge assignments: L~ (3,i), e~ (11,-i), u~ (12-i), ¢~ (13-i), y~(3,1),
O~(3,-1), &~(1,-1)

® auxiliary Z4 separates neutral and charged lepton sectors at LO

(i A (®) ~(1,0,0) -




Can Vacuum Alignment be realised?
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Can Vacuum Alignment be realized!?

@ To get the correct vacuum alignment, one thus needs to fine-tune the couplings

+ h.c.) + P34 P(xx)3

Vanix (x:8) = 3. (60)3. 0003, + (51, (69)1, (001

3 1

@ even if one sets the couplings to zero, they will be generated at one-loop level
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Can Vacuum Alignment be realized!?

@ To get the correct vacuum alignment, one thus needs to fine-tune the couplings
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@ even if one sets the couplings to zero, they will be generated at one-loop level
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Solutions in the Literature

In models with extra dimensions(ED), it is possible to
locate the various fields at different locations in the ED,
thereby forbidding the cross-couplings.

Altarelli, Feruglio 2005
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In models with extra dimensions(ED), it is possible to
locate the various fields at different locations in the ED,
thereby forbidding the cross-couplings.

Altarelli, Feruglio 2005

In SUSY, one has to introduce a continuous R-
symmetry and additional fields with R-charge
2(driving fields). These fields enter the
superpotential only linearly and allow the vacuum
alignment.

Altarelli, Feruglio 2006



Solutions in the Literature

In models with extra dimensions(ED), it is possible to
locate the various fields at different locations in the ED,
thereby forbidding the cross-couplings.

Altarelli, Feruglio 2005
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Altarelli, Feruglio 2006

Babu and Gabriel(2010) proposed the flavour group (S3)*x A4, which has the properties
@ leptons transform only under A4 subgroup

o if one takes @~ 16, vacuum alignment possible as V=V(®)+V(y)+(P P)i(yp)

@ neutrino masses then generated by coupling to (®*) ~(1,0,0)



Group extensions and Vacuum alignment

® To solve the vacuum alignment problem, we extend the flavour group H [e.g. the successful
groups H=A4,T7,54,T" or A(27)].

® we require the following:

® |epton structure should be same — irreps of H should be promoted to irreps of G, we
therefore need a surjective homomorphism € : G = H such that

pG . pH 0 E,1-36, ~36

® there should be an irrep ®, the product ®" should contain a 3C
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Scan for Small Groups

® using the computer algebra system GAP and its SmallGroups catalogue, we have checked all
groups with size smaller than 1000 (11,758,814 groups) and we have found a number of

candidates:

@ no candidates for T7 or A(27),

maybe because here 3 is
complex and there are more
couplings that have to be
forbidden (also smaller
number of possible
extensions)

o all candidates in list have non-
trivial centre(=elements that
commute with all other elements), NOt
necessary true for all

gI’OUpS(see e.g. (S3)*X A4 studied in
Babu/Gabriel 2010)

Subgroup H | Order of G _ Structure Description -

1083945
1085279 ((ZQ X Q16) X ZQ) X A4

I VTR B T R O
18133 20092 (Z9 X Qg X Sy
8282 T’ X 54

11114
192 1022
o | o

_ 1086052, 1086053
768 | 1083573, 1085187 22

Groups of the Structure G =NXH, H is subgroup of G defined by an
homomorphism @:H— Aut(N) that defines the product (nl,h1)*(n2,h2)= (nl@hl(n2), hl h2)



Scan for Small Groups

® using the computer algebra system GAP and its SmallGroups catalogue, we have checked all
groups with size smaller than 1000 (11,758,814 groups) and we have found a number of
candidates:

@ no candidates for T7 or A(27),

maybe because here 3 is Quotient Group H | Order of G Structure Description
2
complex and there are more P ig; ?-(iz X 1;14)
. : X
couplings that have to be ! 2-(A4 x 53)
192 1017 ZQ.(Dg X A4)

e dlind IR AT
extensions) 192 187, 963
192 987, 988 | Zo.((Z3 x A4) x Z3)

o all candidates in list have non- 192 1483,1484 Zy.(Z3 % Sa)
ke 4
trivial centre(=elements that 192 1492 Zy.((Z X Z3) X Z3)

2 (72
commute with all other elements), NOt 192 1007 Z5.(Z5 % Ad)

necessary true for all

gI’OUpS(see e.g. (S3)*X A4 studied in
Babu/Gabriel 2010)

Groups N.H for which H is not a subgroup of G, with G/N=H,

as this is enough to ensure the existence of the relevant representations(e.g.
T'/Z2=Ays).



Smallest Group

The smallest candidate group that contains A4 as a subgroup is the
semidirect product of the quaternion group Qs

(X,Y|X*=1, X’=Y*, Y 'Xy =X"1)
with A4
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The smallest candidate group that contains A4 as a subgroup is the
semidirect product of the quaternion group Qs

(X,Y|X*=1, X’=Y*, Y 'Xy =X"1)
with A4
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The model

particle SU@3). SU2), U(l)y Qg x Ay Zy
¢ 1 2 1/2 31 i
e“+ ut 4+ 7° 1 1 1 11 +19+1g | —1
H 1 2 1/2 i)

X 1 1 0 31

P1 1 1 0 47

b 1 1 0 A )




The model

<X> _ (U/,?}/,’U/)T,

1
particle SU(S)C SU(Z)L U(l)y Qg X A4 Z4 <¢1> — E(a’a a, b) _b)T7
( 1 2 -1/2 31 i |
e"+pu"+7° 1 1 1 171 +19+1g3 | —i (P2) = E(Ca c,d,—d)"
H 1 2 1/2 14 1 1
X 1 ! ) 31 ((p1¢2)3, ) = 5 (bc — ad,0,0)"
b1 1 1 0 49 el a2 )
2 1 ! 41 |1 ((iga)y,) = 5 (ac+bd)

2




The model 00 = ()T,

particle SUB3). SU©2). U(ly Qs x Ay | Z, (91) = %(a,a, b, —b)",
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1
1
1
1
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H

X
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LO charged lepton masses:
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particle SUB3). SU©2). U(ly Qs x Ay | Z, (91) = %(a,a, b, —b)",
1
1
1
1
1
1

0 -1/2 31 i VEVs: 1 .
e + ue +7° 1 11 +15+1g | —i (P2) = ﬁ(c’ c,d,—d)
H

0 3 1 _ L T
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LO charged lepton masses:
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The model 00 = ()T,

1
particle SU(3)C SU(Z)L U(l)y Qg X A4 Z4 <¢1> — E(aﬁ a, b7 _b)T7
l 1 2 -1/2 31 i VEVs: 1
e“+pu"+7° 1 1 1 171 +19+1g3 | —i (P2) = E(Ca c,d,—d)"
H 1 2 1/2 1q 1 1
X . ! y 31 ! <(¢1¢2)3 > 0 _(bc A CLd, 0, O)T
2 1 L 0 4 1 (dida)y,) = jlac+bd)

LO charged lepton masses:

£0B) = ye(ﬁx)ll e“H /A + yu(ﬁx)l:;,ucﬁ//\ e yr(fx)lzTcﬁI/A + h.c.,
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Scalar Potential & Vacuum Alignment

The most general scalar potential invariant under the flavour symmetry is given by

(X7 ¢17¢2) ( ) +V¢(¢17¢2) +Vm1x(X, ¢17¢2)

with

Vs (1, ¢2) :/jlj(ﬁblﬁbl)l +a1(¢161)3 it > ai(dig1)3 . (#1613,

1=2,3

+i5(22)1 +51(¢2¢2 s > Bi(gata)s (¢2¢2)§i

1=2.3
H +y1(f161)1, (d202)1, + Z Yi(P11)3, - ($202)3.
’ =203
f il V'(X) 'LLS (XX)]‘ —I_pl (XXX) 1 —I_ Al (XX ' ’ X—)




@& eleven minimization conditions reduce to

e

ol y
“Tot> § et l -,
P P

Scalar Potential & Vacuum Alignment

Minimum Conditions with
a(oz+ (a2—|—b2) + « (a2 —b2) + vy (c —|—d2) + v_ (02 d2) —|—U1) + I'bed = 0
_ & _ Ez+§3 _
by (a®+0%) —a_ (a® =) + vy (E+d?) —v_ (2 —d?) +Uy) +Tacd = 0 - & =5 5—; : B ganda ﬁ_ N
C(B+ (02—|—d2)—|—[’}_ (02—d2)—|—fy+ (a —|—b2)—|—'y (a2—b2 +U2)+Fabd—0 A o v
d([3+ (02—|—d2) — B_ (02 —d2) + Y4 (a —|—b2) v_ ( 2 —b2) —|—U2) + I'abc = 0

o (4VBA2 + 3p10” + 208 + Cia(a +B2) + Gaa(c? + %)) = 0

these 5 equations for 5VEVs there is
therefore generally a solution
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Higher Order Corrections

@ NLO Corrections to vacuum potential

4 5(LM)
0 52 55 S ooy}
L M=114,j=2 J §1
3
+20 (8732 + 05 (8101)1, + 057 (g20)1, ) 3 =0fori 2

o leads to shifts in VEVs

) = (v + 6V}, v + dvh, v + dvh)?,
1 ) 2
1

<¢1> = ﬁ(af abs 50/17 a + 5&2, b i (5&3, —b 2B CS~CL4)T7 max; |ou;| '
1 maxy |uy|
(p2) = ﬁ(c + 6b1, ¢+ dby,d + Gbz, —d + 5by)"

@ generic size of shifts

ou

4
U A

(x2) — {x3) = O(1/A?)

; generic size of shifts for scalar potential
VEV allgnment not destroyed! parameters of order one



Higher Order Corrections

0.020
0.015

0.010

sin’( 0,3)

026 028 030 032 034 036 . : 034 036 038

sin?(6,,) sin?(6,3)
(a) sin® 6;2 vs. sin® 63 (b) sin® 62 vs. sin® f,3

0.020

sin( 6,1)

sin2( 6,3)

0.05 0.10

maxjul/A

(C) sinz 013 vB. sinz 023 (d) Sinz 013 VS. umx\. u g

& sin?0,3=.03 can be accommodated at NLO

@ or by introducing additional non-trivial singlet field € ~ (12,i) giving trimaximal

mixing[does not destroy VEV alignment]
[Lin"10, Shimizu,Tanimoto, Watanabe‘11,Luhn,King’11]



Flavour Breaking at the Electroweak Scale

® mechanism allows for low scale flavour breaking, |
TN

testability of alignment sector

e Change model such that y is an EW doublet, ®s

singlet, add messenger fields to make it
renormalizable

® npeutrino masses are generated at one-loop level
EV — hleS -+ th?]QS —+ \/§MSSS —+ h.c. .

V.o :)\3(¢1¢2)l1 (77§771)l1 + >\4(¢1¢2)§1 (n§n2)§1 + h.c.

Viox =M1 (XtTQFX)ll (7757277773)11 n )\2€iaA<Xthf’X)§1 (7737'2?173)51 + h.c.

. 1, [oM2 M2 5M? 3!
® neutrino masses small  m, ~ —=—h 0 MS~1eV for b~ —ol ~ 1072, My ~ 100 GeV, Mg ~ 1TeV

® flavour structure
— \1/_85 h2 A3 A 02 (ac + bd) Mg I (My, My, M3, Mg)

@ huhs A A2 (be — ad) Mg T(My, My, M, M)

1—8 ha A\ Aov? (be — ad) Mg I(Ma, My, M3, M)

e TBM for \,=0,

non-zero 6,3 can — h1h2 A3 Aov? (ac + bd) Mg I(My, My, My, Mg)

36

be generated

[MH, M. Lindner, M. Schmidt, in preparation]



Flavour Breaking at the EWV Scale-Mixing

Color=Sin[aq; ]

Color=Log,,[Abs[e/Max[a,d]]]

sin?(63)

cos(dcp)

® TBM for b=e=0

° e induces |3 rotation Upmns =UTtMmeU 3

° b induces |2 rotation Upmns =UtMmeU 12

° sin260,3=.03 needs e/a=.|



Flavour Breaking at the EVV Scale-Dark Matter

® model has a dark matter candiate as there is an accidental symmetry
i — =1 S — =5
at the renormalizable level, and a remnant symmetry of the Z4 part of the flavour
PAIISER e T = e’ — —e° Ni — —N;

. 2 e

decay is mediated by operators 7,0%,, (O, 4,) » Where Osm must be an EW c!oublet
and Lorentz singlet. The insertion of at least two ®s is needed to form a flavour singlet.
The lowest dimensional operators are given by:

B+L=0

Lucded®  Ld°d°d®  LQQd®  &Qdde

YLQOQ  yleuud®  XTLQud®  x'e‘QQu¢  xTLQuedc. |[ERE

—_ 2
® the lifetime induced by the dim. 6 SM operators ”iO%M ; <¢kfl> is given by 0! ~ Sty (< Ax >)

A3 Az mT

® the bound of T—1 > 1026, translates into (A3 A2\/% > . 107 my \TO [ (dkdu)
Lo —lUzs (et 6l Gev(mev) (100 GeV)2

® DM abundance produced in same way as normal Inert Dark Matter

® the fermionic DM candidate S is stabilized in an analogous way, if it is the lightest

[MH, M. Lindner, M. Schmidt, in preparation]



Flavour Breaking at the EVV Scale-LFV&Higgs

® in models with radiative neutrino mass,
lepton flavour violating processes put
constraints

1 —6t+ 32 +2t° — 6t Int
B 6(1 —t)4 |

Br(p — ey) < 1.2-1071 implies

® flavour symmetry gives an additional
suppression

Lo, FM e H/M? ~ (31,1)

® needs additional mass msertlons natural suppression
4 5M2 =
(B ~ 10

M2
® | FVs mediated by fe?|7”mi interactions loop
suppressed & selection rule ALeALyALr = +2




Flavour Breaking at the EVV Scale-LFV&Higgs

® in the charged lepton sector, the VEV (I,1,1) leaves the Z3 subgroup generated by T
L 0
invariant o(T) = ( X

1

1 1 1
1l o (o
1 w Ww?

(Lea L,ua LT)T = QL ~ (17w27w)T (907 90/7 SO,/)T — QTX ~ (17w27w>T (ecaMCaTC)T ~ (17W7w2)T

o O =

S = O
N—

® go to a basis where T is diagonal Q{p(T)Q. = diag(1,w’w) @

5l =

® only phi gets aVEV and plays the role of the SM Higgs @ (Yele€® + ypuLp® + yr Lo 7°)

® the other two Higgs fields are inert and have flavour off-diagonal couplings
~/I

95/ (yeLTGC i yuLe,LLC T yTLMTC) P (yeL,uec = y,uLT,LLC AR yTLeTC)

® this generates LFV 4f operators ( with the selection
rule ALeAL ALr = £2)

® th t traini ’
€ MOSt cons ralnlng process IS 10_7 ( 2GeV )

Brlaais diesio iy

® Higgs admixture of , ® singlets, in the limit H= ¢
tree-level branching ratios same as SM, loop-processes altered

° in the quark sector, no mixing at LO, Cabibbo angle has to be generated by cross-talk to neutrino sector flavons



Mathematica Package Discrete

We have developed a Mathematica Package that can be used to facilitate model building using
discrete groups. It has the features:

@ has access to groups catalogue of GAP, which contains all groups one would
ever want to use

Initialization

In[8):= Needs["Discrete ModelBuildingTools™ "];

. Group = MBloadGAPGroup ["AlternatingGroup(4)"];
starting CGAP generating AlternatingCGroup(4)...

...finished
StructureDescription:Ad
Size of CGroup:12

Number of irreps: 4

Dimensions of irreps:
1 2 3 5

1 1 1 3

Character Table:




Mathematica Package Discrete

We have developed a Mathematica Package that can be used to facilitate model building using
discrete groups. It has the features:

@ has access to groups catalogue of GAP, which contains all groups one would
ever want to use

@ calculate Kronecker products, Clebsch-Gordon coefficients, covariants formed
out of product of any representation etc.

X = MBgetRepVector [Group, 4, xc] o
L = MBgetRepVector [Group, 4, Lc) n[195]:~ MBmultiply[Group, X, L]
rrrLel xcl + Le2 xc2 + Le3 xc3 4,

L. o ,

[}, {{xcl, xc2, xc3}}} et /3

o (2+/3 Lelxel - (3i+V3 ) Le2xe2 - (-3i++3)Le3xe3)}},
{}, {{Lcl, Lc2, Lc3}}} ' ' . ‘ :

(23 Lelxel - (-3i+3 )Le2xe2 - (3143 ) Le3 xe3) |},

MBmultiply [Group, {X, X, X, L, L}] [[1]] [{Le3 xe2, Lel xe3, Le2 xel}, (Le2 xe3, Leld xel, Lel xe2)) b

'E.*. {Le1? + Le2® + Le3®) xcl xc2 xe3},
1 .
(Lc2 Lc3 xcl + Lel Le3 xc2 + Lel Le2 xc3) (xcl® + x

.Lel Le3 xc2 xe3? + Le2 xel (Le3 xe2? + Lel xel xe3) |
¢ L,
/3
.Lc2 Le3 xcl xc3? + Lel xc2 (Le3 xcl? + Le2 xc2 -(_03:; i

1
1 — (Lel Le3 xc2 |- |
"6 V3
Lc2 (Lel xe3 (- (31
Le3 xel (23 x




Mathematica Package Discrete

We have developed a Mathematica Package that can be used to facilitate model building using
discrete groups. It has the features:

@ has access to groups catalogue of GAP, which contains all groups one would
ever want to use

@ calculate Kronecker products, Clebsch-Gordon coefficients, covariants formed
out of product of any representation etc.

@ reduce set covariants to a smaller set of independent covariants

@ calculate flavon potentials

In[200):~ MBgetFlavonPotential [Group, x, 4, 2]

22nl (xcl? + xc2? + xc3?|
Out[200]= A3nl xcl xc2 xc3 + |
v 3

3 / 4 B 4 l 3 / 2 2 2/ 2
24nl (xcl®™ + xc2% + xc37 | « 3 A4n2 (xc2° xc3° + xcl® (xc2° «




Mathematica Package Discrete

We have developed a Mathematica Package that can be used to facilitate model building using
discrete groups. It has the features:

@ has access to groups catalogue of GAP, which contains all groups one would
ever want to use

@ calculate Kronecker products, Clebsch-Gordon coefficients, covariants formed
out of product of any representation etc.

@ reduce set covariants to a smaller set of mdependent covariants
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