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PREAMBLE 

Status of standard mixing:  
from hints to evidence of θ13>0 



   Dirac CP-violating phase δ  

The leptonic mixing 

Explicit form:  
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FIG. 1: Allowed regions in the plane (sin2 θ12, sin2 θ13): contours at 1σ (dotted) and 2σ (solid). Left and middle panels: solar
(S) and KamLAND (K) data, both separately (left) and in combination (middle). In the left panel, the S contours are obtained
by marginalizing the δm2 parameter as constrained by KamLAND. Right panel: All data.

Hint from solar and KamLAND data.—In past years, the above “atmospheric ν hint” was not supported by
independent long-baseline reactor and solar neutrino data, which systematically preferred θ13 = 0 as best fit, both
separately and in combination [3]. Therefore, in the global data analysis, the hint of θ13 > 0 was diluted well below
1σ, and could be conservatively ignored [3].

Such trend has recently changed, however, after the latest data release from the Kamioka Liquid Scintillator Anti-
Neutrino Detector (KamLAND) [12], which favors slightly higher values of sin2 θ12, as compared to solar neutrino
data [13] at fixed θ13 = 0. As discussed in [14], and soon after in [15], this small difference in sin2 θ12 can be reduced
for θ13 > 0, due to the different dependence of the survival probability Pee = P (νe → νe) on the parameters (θ12, θ13)
for solar and KamLAND neutrinos [16]. Indeed, recent combinations of solar and KamLAND data prefer θ13 > 0,
although weakly [14, 15, 17].

Remarkably, the recent data from the third and latest phase of the Sudbury Neutrino Observatory (SNO) [18] pre-
sented at Neutrino 2008 [19] further reduce the solar neutrino range for sin2 θ12 and, in combination with KamLAND
data, are thus expected to strengthen such independent hint in favor of θ13 > 0. We include SNO-III data in the form
of two new integral determinations of the charged-current (CC) and neutral current (NC) event rates [18], with error
correlation ρ " −0.15 inferred from the quoted CC/NC ratio error [18], but neglecting possible (so far unpublished)
correlations with previous SNO data [13]. We ignore the SNO-III elastic scattering (ES) event rate [20], which appears
to be affected by statistical fluctuations [18, 19] and which is, in any case, much less accurate than the solar neutrino
ES rate measured by Super-Kamiokande [21].

In the solar neutrino analysis, we update the total Gallium rate (66.8 ± 3.5 SNU) [22] to account for a recent
reevaluation of the GALLEX data [23, 24]. The latest Borexino data [25, 26], presented at Neutrino 2008 [27], are
also included for the sake of completeness. We do not include the Super-Kamiokande phase-II results [28], which
would not provide significant additional constraints. Finally, concerning KamLAND, we analyze the full spectrum
reported in [12], and marginalize away the low-energy geoneutrino fluxes from U and Th decay in the fit. We have
checked that our results agree well with the published ones (in the case θ13 = 0) both on the oscillation parameters
(δm2, sin2 θ12) and on the estimated geo-ν fluxes [29].

Figure 1 (left panel) shows the regions separately allowed at 1σ (∆χ2 = 1, dotted) and 2σ (∆χ2 = 4, solid)
from the analysis of solar (S) and KamLAND (K) neutrino data, in the plane spanned by the mixing parameters
(sin2 θ12, sin2 θ13). The δm2 parameter is always marginalized away in the KamLAND preferred region (which is
equivalent, in practice, to set δm2 at its best-fit value 7.67 × 10−5 eV2). The mixing parameters are positively and
negatively correlated in the solar and KamLAND regions, respectively, as a result of different functional forms for
Pee(sin

2 θ12, sin
2 θ13) in the two cases. The S and K allowed regions, which do not overlap at 1σ for sin2 θ13 = 0,

merge for sin2 θ13 ∼ few× 10−2. The best fit (dot) and error ellipses (in black) for the solar+KamLAND combination
are shown in the middle panel of Fig. 1. A hint of θ13 > 0 emerges at ∼1.2σ level,

sin2 θ13 = 0.021 ± 0.017 (1σ, solar + KamLAND) , (2)

with errors scaling linearly, to a good approximation, up to ∼3σ.

2008: First indication of non-zero θ13 

Fogli, Lisi, Marrone, A.P., Rotunno, Phys. Rev. Lett. 101, 141201 (2008)  

sin2θ13 ~ 0.016  

Two independent hints came from  
  solar and atmospheric sectors: 
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FIG. 2: Global ν oscillation analysis: Allowed 1σ ranges of sin2 θ13 from different input data.

Combination. We have found two independent hints of θ13 > 0, each at a level of ∼1σ, and with mutually consistent
ranges for sin2 θ13. Their combination reinforces the overall preference for θ13 > 0, which emerges at the level of ∼1.6σ
in our global analysis. In particular, Fig. 1 (right panel) shows the 1σ and 2σ error ellipses in the (sin2 θ12, sin2 θ13)
plane from the fit to all data, which summarizes our current knowledge of electron neutrino mixing [30]. Marginalizing
the sin2 θ12 parameter we get

sin2 θ13 = 0.016± 0.010 (1σ, all oscillation data) , (3)

with linearly scaling errors. This is the most important result of our work. Allowed ranges for other oscillation
parameters are reported separately [31]. Summarizing, we find an overall preference for θ13 > 0 at ∼ 1.6σ or,
equivalently, at ∼90% C.L., from a global analysis of neutrino oscillation data, as available after the Neutrino 2008
Conference. The preferred 1σ ranges are summarized in Eqs. (1)–(3), and are graphically displayed in Fig. 2.

Conclusions and Prospects.—In this Letter, we have focused on the last unknown neutrino mixing angle θ13. Within
a global analysis of world neutrino oscillation data, we have discussed two hints in favor of θ13 > 0, each at the level of
∼1σ. Their combination provides an overall indication for θ13 > 0 at a non-negligible 90% confidence level. To some
extent, the present hints of θ13 > 0 can be corroborated by more refined analyses. Concerning atmospheric neutrinos,
an official, complete 3ν analysis by the Super-Kamiokande collaboration, including all experimental details, would
be very important. The analysis should include δm2-driven terms in the oscillation probability [32, 33], which have
been neglected in the official publication [34]. Concerning solar neutrinos, a detailed, fully documented and official
combination of all the SNO-I, II, and III data [35] would be helpful to sharpen the bounds on solar νe mixing and to
contrast them with (future) KamLAND data. The latter would benefit by a further reduction of the normalization
error, which is directly transferred to the mixing parameters. In our opinion, such improvements might corroborate
the statistical significance of the previous hints by another ∼1σ but, of course, could not replace direct experimental
searches for θ13 at reactors or accelerators. Two hints make for a stronger indication, but do not make for a compelling
proof.

Acknowledgments. G.L.F., E.L., A.M., and A.M.R. acknowledge support by the Italian MIUR and INFN through
the “Astroparticle Physics” research project, and by the EU ILIAS through the ENTApP project. A.P. thanks
J.W.F. Valle for kind hospitality at IFIC, and acknowledges support by MEC under the I3P program, by Spanish
grants FPA2005-01269 and by European Commission network MRTN-CT-2004-503369 and ILIAS/N6 RII3-CT-2004-
506222.
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2011: Support by LBL νµ->νe appearance 
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FIG. 4. Top: Expected prompt energy spectra, including
backgrounds, for the no-oscillation case and for the best fit
sin22θ13, superimposed on the measured spectrum. Inset:
stacked histogram of backgrounds. Bottom: Difference be-
tween data and the no-oscillation spectrum (data points) and
difference between the best fit and no-oscillation expectations
(curve)

oscillation hypothesis at the 94.6% C.L.
We determine our best estimate of the ν̄e and back-

ground rates with a pulls-based approach [49], the results
of which are shown in Table III. From the best fit we ob-
tain a contribution from 9Li reduced by ∼19%, and with
an uncertainty decreased from 52% to 26%. The fast
neutron value is decreased by 5% with almost unchanged
uncertainty.

TABLE III. Summary of the effect of a pulls term approach
on the fast neutron and 9Li backgrounds and on the energy
scale. Uncertainty values are in parentheses.

Fast n. Bkg(%) 9Li (%) EScale (value)
Rate only 100 (46) 100 (52) 0.997 (0.007)
Rate + Shape 95.2 (38) 81.5 (25.5) 0.998 (0.005)

Figure 4 shows the measured positron spectrum super-
imposed on the expected spectra for the no-oscillation
hypothesis and for the best fit (including fitted back-
grounds).
Combining our result with the T2K [11] and MI-

NOS [12] measurements leads to 0.003 < sin22θ13< 0.219
at the 3σ level.
In summary, Double Chooz has searched for

ν̄e disappearance using a 10 m3 detector located
1050 m from two reactors. A total of 4121 events
were observed where 4344 ± 165 were expected for no-
oscillation, with a signal to background ratio of ≈11:1.
In the context of neutrino oscillations, this deficit leads
to sin22θ13= 0.086 ± 0.041 (stat) ± 0.030 (syst), based
on an analysis using rate and energy spectrum informa-
tion. The no-oscillation hypothesis is ruled out at the
94.6% C.L. Double Chooz continues to run, to reduce
statistical and background systematic uncertainties. A
near detector will soon lead to reduced reactor and de-
tector systematic uncertainties and to an estimated 1σ
precision on sin22θ13 of ∼ 0.02.
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uncertainties were not included in the analysis; the absolute
normalization ε was determined from the fit to the data. The
best-fit value is

sin2 2θ13 = 0.092± 0.016(stat)± 0.005(syst)

with a χ2/NDF of 4.26/4. All best estimates of pull parameters
are within its one standard deviation based on the correspond-
ing systematic uncertainties. The no-oscillation hypothesis is
excluded at 5.2 standard deviations.

The accidental backgrounds were uncorrelated while the
Am-C and (alpha,n) backgrounds were correlated among
ADs. The fast-neutron and 9Li/8He backgrounds were site-
wide correlated. In the worst case where they were correlated
in the same hall and uncorrelated among different halls, we
found the best-fit value unchanged while the systematic un-
certainty increased by 0.001.

Fig. 4 shows the measured numbers of events in each de-
tector, relative to those expected assuming no oscillation. The
6.0% rate deficit is obvious for EH3 in comparison with the
other EHs, providing clear evidence of a non-zero θ13. The
oscillation survival probability at the best-fit values is given
by the smooth curve. The χ2 versus sin22θ13 is shown in the
inset.

Weighted Baseline [km]
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

ex
pe

ct
ed

 /
 N

de
te

ct
ed

N

0.9

0.95

1

1.05

1.1

1.15

EH1 EH2

EH3

13θ22sin
0 0.05 0.1 0.15

2
χ

0
5

10
15
20
25
30
35

σ1

σ3

σ5

FIG. 4. Ratio of measured versus expected signal in each detector,
assuming no oscillation. The error bar is the uncorrelated uncertainty
of each AD, including statistical, detector-related, and background-
related uncertainties. The expected signal is corrected with the best-
fit normalization parameter. Reactor and survey data were used to
compute the flux-weighted average baselines. The oscillation sur-
vival probability at the best-fit value is given by the smooth curve.
The AD4 and AD6 data points are displaced by -30 and +30 m for
visual clarity. The χ2 versus sin2 2θ13 is shown in the inset.

The observed νe spectrum in the far hall is compared to
a prediction based on the near hall measurements in Fig. 5.
The disagreement of the spectra provides further evidence of
neutrino oscillation. The ratio of the spectra is consistent with
the best-fit oscillation solution of sin2 2θ13 = 0.092 obtained
from the rate-only analysis [31].
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FIG. 5. Top: Measured prompt energy spectrum of the far hall (sum
of three ADs) compared with the no-oscillation prediction from the
measurements of the two near halls. Spectra were background sub-
tracted. Uncertainties are statistical only. Bottom: The ratio of mea-
sured and predicted no-oscillation spectra. The red curve is the best-
fit solution with sin2 2θ13 = 0.092 obtained from the rate-only anal-
ysis. The dashed line is the no-oscillation prediction.

In summary, with a 43,000 ton-GWth-day livetime expo-
sure, 10,416 reactor antineutrinos were observed at the far
hall. Comparing with the prediction based on the near-hall
measurements, a deficit of 6.0% was found. A rate-only anal-
ysis yielded sin2 2θ13 = 0.092± 0.016(stat) ± 0.005(syst).
The neutrino mixing angle θ13 is non-zero with a significance
of 5.2 standard deviations.

The Daya Bay experiment is supported in part by the Min-
istry of Science and Technology of China, the United States
Department of Energy, the Chinese Academy of Sciences, the
National Natural Science Foundation of China, the Guang-
dong provincial government, the Shenzhen municipal govern-
ment, the China Guangdong Nuclear Power Group, Shanghai
Laboratory for Particle Physics and Cosmology, the Research
Grants Council of the Hong Kong Special Administrative Re-
gion of China, University Development Fund of The Univer-
sity of Hong Kong, the MOE program for Research of Ex-
cellence at National Taiwan University, National Chiao-Tung
University, and NSC fund support from Taiwan, the U.S. Na-
tional Science Foundation, the Alfred P. Sloan Foundation, the
Ministry of Education, Youth and Sports of the Czech Repub-
lic, the Czech Science Foundation, and the Joint Institute of
Nuclear Research in Dubna, Russia. We thank Yellow River
Engineering Consulting Co., Ltd. and China railway 15th Bu-
reau Group Co., Ltd. for building the underground laboratory.
We are grateful for the ongoing cooperation from the China
Guangdong Nuclear Power Group and China Light & Power

5

13θ 22sin
0.00 0.05 0.10 0.15 0.20

2
χ

0

5

10

15

20

25

σ1 

σ4 

Weighted Baseline [m]
0 200 400 600 800 1000 1200 1400 1600 1800 2000

R

0.90

0.92

0.94

0.96

0.98

1.00

FIG. 3. The χ2 distribution as a function of sin2 2θ13. Bot-
tom: Ratio of the measured reactor neutrino events relative
to the expected with no oscillation. The curve represents the
oscillation survival probability at the best fit, as a function of
the flux-weighted baselines.

Gd-loaded liquid scintillator, and a 229 day exposure to
six reactors with total thermal energy 16.5 GWth. In the
far detector, a clear deficit of 8.0% is found by compar-
ing a total of 17102 observed events with an expectation
based on the near detector measurement assuming no os-
cillation. From this deficit, a rate-only analysis obtains
sin2 2θ13 = 0.113 ± 0.013(stat.) ± 0.019(syst.). The neu-
trino mixing angle θ13 is measured with a significance of
4.9 standard deviation.

The RENO experiment is supported by the Ministry
of Education, Science and Technology of Korea and the
Korea Neutrino Research Center selected as a Science
Research Center by the National Research Foundation
of Korea (NRF). Some of us have been supported by
a fund from the BK21 of NRF. We gratefully acknowl-
edge the cooperation of the Yonggwang Nuclear Power
Site and the Korea Hydro & Nuclear Power Co., Ltd.
(KHNP). We thank KISTI’s providing computing and
network resources through GSDC, and all the technical
and administrative people who greatly helped in making
this experiment possible.

[1] B. Pontecorvo, Zh. Eksp. Theo. Fiz. 34, 247 (1957) [Sov.
Phys. JETP 7, 172 (1958)].

[2] Z. Maki, M. Nakagawa, and S. Sakata, Prog. Theor. Phys.
28, 870 (1962).

[3] M. Apollonio et al. (Chooz Collaboration), Phys. Lett.
B466, 415 (1999); Eur. Phys. J. C 27, 331 (2003).

0 5 10

E
n
tr

ie
s 

/ 
0
.2

5
M

eV

0

500

1000

Far Detector
Near Detector

Prompt energy [MeV]
0 5 10

E
n

tr
ie

s 
/ 

0
.2

5
M

eV

0

10

20

30

40

Prompt energy [MeV]
0 5 10

E
n

tr
ie

s 
/ 

0
.2

5
M

eV

0

10

20

30

40 Fast neutron
Accidental

He8Li/9

Prompt energy [MeV]0 5 10

F
ar

 /
 N

ea
r

0.8

1

1.2

FIG. 4. Observed spectrum of the prompt signals in the far
detector compared with the non-oscillation predictions from
the measurements in the near detector. The backgrounds
shown in the inset are subtracted for the far spectrum. The
background fraction is 5.5% (2.7%) for far (near) detector.
Errors are statistical uncertainties only. Bottom: The ratio
of the measured spectrum of far detector to the non-oscillation
prediction.

[4] F. Boehm et al. (Palo Verde Collaboration), Phys. Rev.
Lett. 84, 3764 (2000).

[5] P. Adamson et al. (MINOS Collaboration), Phys. Rev. D
82, 051102 (2010).

[6] S. Yamamoto et al. (K2K Collaboration), Phys. Rev.
Lett. 96, 181801 (2006).

[7] R. Wendell et al. (Super-Kamiokande Collaboration),
Phys. Rev. D 81, 092004 (2010).

[8] B. Aharmim et al. (SNO Collaboraiton), Phys. Rev. C
81, 055504 (2010).

[9] A. Gando et al. (KamLAND Collaboration), Phys. Rev.
D 83, 052002 (2011).

[10] K. Abe et al. (T2K Collaboration), Phys. Rev. Lett. 107,
041801 (2011).

[11] P. Adamson et al. (MINOS Collaboration), Phys. Rev.
Lett. 107, 181802 (2011).

[12] Y. Abe et al. (Double Chooz Collaboration), Phys. Rev.
Lett. 108, 131801 (2012).

[13] G. L. Fogli et al., Phys. Rev. D 84, 053007 (2011).
[14] T. Schwetz et al., New J. Phys. 13, 109401 (2011).
[15] F. P. An et al. (Daya Bay Collaboration) (2012),

arXiv:hep-ex/1203.1669.
[16] P. Adamson et al. (MINOS Collaboration), Phys. Rev.

Lett. 106, 181801 (2011).
[17] J.K. Ahn, et al. (RENO Collaboration) (2010),

arXiv:hep-ex/1003.1391.
[18] K. S. Park, et al., Construction and Properties of Acrylic

Vessels in the RENO Detector, in preparation.
[19] J. S. Park, et al., Production and Optical Properties of

2012: Definitive confirmation from νe disap.  

Double-CHOOZ 

Daya Bay 

Reno 



8 

May 2012: Global Analysis including reactors 

Fogli, lisi, Marrone, Montanino, A.P., Rotunno, arXiv: 1205:5254 

4

III. RESULTS: CORRELATIONS BETWEEN θ13, θ23 AND δ

In this section we focusing on two emerging features of our analysis: converging hints in favor of θ23 < π/4, and a
possible (weak) hint in favor of δ ∼ π. The correlations of the θ23 and δ with θ13 are discussed in some detail. As in
our previous works [3, 4], allowed regions are shown at Nσ confidence levels, where Nσ =

�
∆χ2. It is understood

that, in each figure, undisplayed oscillation parameters have been marginalized away.
Figure 1 shows the results of the analysis in the plane (sin2 θ13, sin

2 θ23), for both normal hierarchy (NH, upper
panels) and inverted hierarchy (IH, lower panels). From left to right, the panels refer to increasingly rich datasets:
LBL accelerator + solar + KamLAND data (left), plus SBL reactor data (middle), plus SK atmospheric data (right).

In the left panels, the allowed regions show an anti-correlation between sin2 θ13 and sin2 θ23, as expected from
LBL appearance data via Eq. (2). Maximal θ23 mixing is slightly disfavored, the latest T2K [22] and MINOS [23]
disappearance data being best fit for sin2 2θ23 < 1. The relative minimum in the first octant is slightly preferred to
the one in the second octant (at a level ∼ 0.3σ), the reason being that solar+KamLAND data prefer sin2 θ13 � 0.02
[4], which is best matched by LBL data at lower θ23 (and thus higher θ13).

In the middle panels, the addition of SBL reactor data (most notably from Daya Bay and RENO) fixes sin2 θ13 with
high accuracy and at relatively “large” values. Again, in normal hierarchy, LBL data best match such large values of
sin2 θ13 in the first rather than in the second octant, which is slighty disfavored at ∼ 1σ. In inverted hierarchy, both
the T2K and the MINOS appearance data can accommodate values of θ13 generally larger than in normal hierarchy
[35, 36] (as also evident from the left panels); therefore, the agreement with SBL reactor data can be easily reached
in both octants, with only a small preference (∼ 0.5σ) for the first. The combination of LBL accelerator and SBL
reactor data to lift the octant degeneracy was proposed in [21].

In the right panels, atmospheric ν data do not noticeably improve the constraints on θ13, but corroborate the
preference for the first octant (as already found in [3, 4]), in both normal hierarchy (slightly above the 2σ level)
and inverted hierarchy (slightly below the 2σ level). In conclusion, from Fig. 1 we derive that both atmospheric and
non-atmospheric ν data seem to prefer, independently, the first octant of θ23 (especially in normal hierarchy), with a
combined statistical significance of about 2σ.

0.2 0.3 0.4 0.5 0.6 0.7 0.8
0.00

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

0.10

0

20

40

60

80

100

120

140

160

180

0.2 0.4 0.6 0.8

0.02

0.04

0.06

0.2 0.3 0.4 0.5 0.6 0.7 0.8
0.00

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

0.10

0

100

200

300

400

500

600

0.2 0.4 0.6 0.8

0.02

0.04

0.06

0.2 0.3 0.4 0.5 0.6 0.7 0.8
0.00

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

0.10

0

100

200

300

400

500

600

0.2 0.4 0.6 0.8

0.02

0.04

0.06

0.2 0.3 0.4 0.5 0.6 0.7 0.8
0.00

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

0.10

0

20

40

60

80

100

120

140

160

180

200

220

240

0.2 0.4 0.6 0.8

0.02

0.04

0.06

0.2 0.3 0.4 0.5 0.6 0.7 0.8
0.00

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

0.10

0

100

200

300

400

500

600

0.2 0.4 0.6 0.8

0.02

0.04

0.06

0.2 0.3 0.4 0.5 0.6 0.7 0.8
0.00

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

0.10

0.2 0.4 0.6 0.8

0.02

0.04

0.06

σ1 

σ2 

σ3 

23
θ 

2
sin

23
θ 

2
sin

23
θ 

2
sin

23
θ 

2
sin

23
θ 

2
sin

23
θ 

2
sin

LBL + Solar + KamLAND + SBL Reactors + SK Atm

1
3

θ 
2

s
in

1
3

θ 
2

s
in

1
3

θ 
2

s
in

1
3

θ 
2

s
in

1
3

θ 
2

s
in

1
3

θ 
2

s
in

IH IH IH

NH NH NH

FIG. 1: Results of the analysis in the plane charted by (sin2 θ13, sin
2 θ23), all other parameters being marginalized away. From

left to right, the regions allowed at 1, 2 and 3σ refer to increasingly rich datasets: LBL+solar+KamLAND data (left panels),
plus SBL reactor data (middle panels), plus SK atmospheric data (right panels). Best fits are marked by dots. A preference
emerges for θ23 in the first octant in both normal hierarchy (NH, upper panels) and inverted hierarchy (IH, lower panels).

    [θ13,θ23]  
anti-correlation 

Indication of θ23<π/4 
  at the ~ 2σ level  

sin2θ13 ~ 0.025  
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Why a non-zero θ13 is so important 

  Only if all three θij = 0 CP violation can occur   

J = �[Uµ3Ue2U
∗
µ2U

∗
e3]

The Jarlskog invariant J gives a parameterization-independent 
measure of the CP violation induced by the complexity of U 

In the standard parameterization the expression of J is:  

J =
1

8
sin 2θ12 sin 2θ23 sin 2θ13 cos θ13 sin δ

quark-sector: JCKM ~ 3 x 10-5, much smaller than 

lepton-sector: |J| may be as large as 3 x 10-2 (it will depend on δ …) 

/ 

|J |max =
1

6
√
3
∼ 0.1
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Hint in favor  
   of δ ~ π	



5

Figure 2 shows the results of the analysis in the plane (sin2 θ13, δ). The conventions used are the same as in Fig. 1.
Since the boundary values δ/π = 0 and 2 are physically equivalent, each panel could be ideally “curled” by smoothly
joining the upper and lower boundaries.

In the left panels, constraints on sin2 θ13 are placed both by solar+KamLAND data (independently of δ) and by
current LBL accelerator data (somewhat sensitive to δ). The best fit points are not statistically relevant, since all
values of δ provide almost equally good fits. Once more, it can be noted that larger values of θ13 are allowed in IH.

In the middle panels, some sensitivity to δ starts to emerge, since the “wiggles” of the bands in the left panel best
match the δ-independent SBL reactor constraints on sin2 θ13 only in certain ranges of δ. The match is generally easier
is inverted hierarchy, where LBL data allow larger θ13, than normal hierarchy. In NH, the lowest values of sin 2θ13
allowed by LBL data (for δ ∼ 1.5π) do not match well the SBL reactor data, so that values around δ ∼ 1.5π are
slightly disfavored at ∼1σ.

In the left panel, atmospheric neutrino data induce a preference for δ ∼ π, although all values of δ are still allowed
at ∼ 2σ. Such a preference is consistent with our previous analyses limited to cos δ = ±1 [3, 4], where we found δ = π
preferred over δ = 0, in both normal and inverted hierarchy. As discussed in [3], for δ ∼ π the interference term in
the oscillation probability provide some extra electron appearance in the sub-GeV atmospheric neutrino data, which
helps fitting the slight excess of electron-like events in this sample. In our opinion, atmospheric data can provide
valuable indications about the phase δ, which may warrant dedicated analyses by the SK experimental collaboration,
especially in combination with data from the T2K experiment, data which uses SK as far detector.

Concerning the hierarchy, in the middle panels of Figs. 1 and 2 (all data but SK atm.) we find a slight preference
for NH with respect to IH (∆χ2 � +0.25). The situation is reversed in the right panels (all data, including SK atm.),
where NH is slightly disfavored (∆χ2 � −0.18). These fluctuations between NH and IH fits are statistically irrelevant.
We conclude that, in our analysis of oscillation data, there are converging hints in favor of θ23 < π/4, a possible hint
in favor of δ ∼ π (from SK atm. data), and no hint about the mass hierarchy.
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FIG. 2: Results of the analysis in the plane charted by (sin2 θ13, δ), all other parameters being marginalized away. From left
to right, the regions allowed at 1, 2 and 3σ refer to increasingly rich datasets: LBL+solar+KamLAND data (left panels), plus
SBL reactor data (middle panels), plus SK atmospheric data (right panels). A preference emerges for δ values around π in
both normal hierarchy (NH, upper panels) and inverted hierarchy (IH, lower panels).

Still no info on  
mass hierarchy  

First information about δ	



Long and difficult way towards leptonic CPV observation! 

Fogli, lisi, Marrone, Montanino, A.P., Rotunno, arXiv:1205:5254  



    (I) Accumulating hints of eV νs’s from oscillation  
 phenomenology and cosmology 

 
 

(II)  Indications of “warm” dark matter from astrophysical  
       “small-scale” problems (keV νs’s are a good option)    

      

11 

Although the 3ν scheme explains most of data  
a few anomalies are there  

These seem to point towards sterile neutrino species νs’s  
[singlets of U(1)xSU(2)] 

Why go beyond three ν families? 

I will discuss only type-I νs’s 
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FIG. 4. Illustration of the short baseline reactor antineutrino anomaly. The experimental results are compared to the prediction
without oscillation, taking into account the new antineutrino spectra, the corrections of the neutron mean lifetime, and the
off-equilibrium effects. Published experimental errors and antineutrino spectra errors are added in quadrature. The mean
averaged ratio including possible correlations is 0.937±0.027. The red line shows a 3 active neutrino mixing solution fitting the
data, with sin2(2θ13) = 0.06. The blue line displays a solution including a new neutrino mass state, such as |∆m2

new,R| ! 1
eV2 (for illustration) and sin2(2θnew,R)=0.16.

noted anomalies affecting other short baseline electron
neutrino experiments Gallex, Sage and MiniBooNE, re-
viewed in Ref. [43]. Our goal is to quantify the compati-
bility of those anomalies.
We first reanalyzed the Gallex and Sage calibration

runs with 51Cr and 37Ar radioactive sources emitting
∼1 MeV electron neutrinos. [44], following the method-
ology developed in Ref. [43, 45]. However we decided to
include possible correlations between these four measure-
ments in this present work. Details are given in in Ap-
pendix B. This has the effect of being slightly more con-
servative, with the no-oscillation hypothesis disfavored at
97.73% C.L., instead of 98% C.L in Ref. [43]. Gallex and
Sage observed an average deficit of RG = 0.86±0.05(1σ).
Considering the hypothesis of νe disappearance caused by
short baseline oscillations we used Eq. (11), neglecting
the ∆m2

31 driven oscillations because of the very short
baselines of order 1 meter. Fitting the data leads to
|∆m2

new,G| > 0.3 eV2 (95%) and sin2(2θnew,G) ∼ 0.26.
Combining the reactor antineutrino anomaly with the
Gallium anomaly gives a good fit to the data and disfa-
vors the no-oscillation hypothesis at 99.7% C.L. Allowed
regions in the sin2(2θnew) −∆m2

new plane are displayed
in Figure 5 (left). The associated best-fit parameters are
|∆m2

new,R&G| > 0.7 eV2 (95%) and sin2(2θnew,R&G) ∼
0.16.
We then reanalyzed the MiniBooNE electron neutrino

excess assuming the very short baseline neutrino os-
cillation explanation of Ref. [43]. Details of our re-
production of the latter analysis are provided in Ap-
pendix B. The best fit values are |∆m2

new,MB| = 1.9

Experiment(s) sin2(2θnew) |∆m2
new| (eV

2) C.L. (%)
Reactors (no ILL-S,R∗) 0.02-0.23 >0.2 95.0

Gallium (G) 0.06-0.4 >0.3 97.7
MiniBooNE (M) — — 72.4

ILL-S — — 68.2
R∗ + G 0.07-0.24 >1.5 99.7
R∗ + M 0.04-0.23 >1.4 97.5

R∗ + ILL-S 0.04-0.23 >2.0 97.1
ALL 0.06-0.25 >2.0 99.93

TABLE III. Best fit parameter intervals or limits at (95%)
for (sin2(2θnew), ∆m2

new) and significance of the sterile neu-
trino oscillation hypothesis in %, for different combinations of
the reactor experiment rates only (R∗), the ILL-energy spec-
trum information (ILL-S), the Gallium experiments (G), and
MiniBooNE-ν (M) re-analysis of Ref. [43].

eV2 and sin2(2θnew,MB) ∼ 0.2, but are not significant
at 95% C.L. The no-oscillation hypothesis is only dis-
favored at the level of 72.4% C.L., less significant than
the reactor and gallium anomalies. Combining the re-
actor antineutrino anomaly with our MiniBooNE re-
analysis leads to a good fit with the sterile neutrino
hypothesis and disfavors the absence of oscillations at
97.5% C.L., dominated by the reactor experiments’ data.
Allowed regions in the sin2(2θnew) − ∆m2

new plane are
displayed in Figure 5 (right). The associated best-fit
parameters are |∆m2

new,R&MB | > 1.4 eV2 (95%) and

sin2(2θnew,R&MB) ∼ 0.1.

Pee � 1− sin2 2θnew sin2
∆m2

newL

4E

[SAGE, PRC 59 (1999) 2246, hep-ph/9803418]

0.7
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p(
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GALLEX Cr1

GALLEX Cr2

SAGE Cr

SAGE Ar

[SAGE, PRC 73 (2006) 045805, nucl-ex/0512041]

RGa = 0 86 0 05

C. Giunti Recent Progress in Neutrino Physics 1 Mar 2011 21/25

Anomalous νe-disappearance at short-distance 

Mention et al. arXiv:1101:2755 [hep-ex] 

sin2 2θnew � 0.17± 0.1 (95%)

SAGE coll., PRC 73 (2006) 045805  

sin2 θnew � U2
e4 = sin2 θ14

Pee = 1− 4
�

j>k

U2
ejU

2
ek sin

2
∆m2

jkL

4E

In a 2ν framework: 

In a 3+1 scheme: 

∆m2
sol � ∆m2

atm � ∆m2
new

Warning, both are normalization issues:  
The culprit may be hidden systematics   

Hint #1 

Hint #2 
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FIG. 6. Allowed regions in the sin2(2θnew)−∆m2
new plane obtained from the fit of the reactor neutrino data to the 3+1 neutrino

hypothesis, with sin2(2θ13) = 0. The left panel is the combination of the reactors and the gallium experiment calibration results
with 51Cr and 37Ar radioactive sources. The right panel is the combination of the reactors and our reanalysis of the MiniBooNE
data following the method of Ref. [56]. In both cases the ILL energy spectrum information is not included.

Our ILL re-analysis, including only the en-
ergy spectrum shape, leads to the allowed regions
in the sin2(2θnew) − ∆m2

new plane presented in
Figure 7. We notice a hint of neutrino oscil-
lations such that |∆m2

new,ILL−shape| > 1 eV2 and

sin2(2θnew,ILL−shape) ∼ 0.2, in agreement with our
fourth neutrino hypothesis, but still compatible with the
absence of oscillations at the 1σ level. Figure 3 is our
reproduction of the illustration 3 of Ref. [2]; we superim-
posed the oscillation pattern that would be induced by
neutrino oscillations at our best fit (combined analysis).
The ILL positron spectrum is thus in agreement with
the oscillation parameters found independently in our
re-analyses, mainly based on rate information. Because
of the differences in the systematic effects in the rate
and shape analyses, this coincidence is in favor of a true
physical effect rather than an experimental anomaly. As
a cross check we performed a Monte-Carlo simulation of
the ILL and Bugey-3 experiments, including the finite
spatial extension of the nuclear reactors and the ILL and
Bugey-3 detectors. We found that the small dimensions
of the ILL nuclear core lead to small corrections of the
oscillation pattern imprinted on the positron spectrum.
However the large extension of the Bugey nuclear core is
sufficient to wash out most of the oscillation pattern at
15 m. This explains the absence of shape distortion in
the Bugey-3 experiment.

Table III summarizes all the results of our fits of reac-
tor, gallium, and MiniBooNE-ν data to the sterile neu-
trino oscillation hypothesis. We observe that all the data
sets taken separately are very consistent with one an-
other, pointing to very similar oscillation parameters. We
thus performed a global fit to all available data.

The no-oscillation hypothesis is disfavored at
99.8% C.L. The significance is dominated by the
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FIG. 7. Allowed regions in the sin2(2θnew) − ∆m2
new plane

obtained from a fit of the ILL energy spectrum shape only.
The best fit value reported by the authors of Ref. [36] is very
close to our best fit, at |∆m2

new| ∼2 eV2, but it is worth noting
its poor statistical significance, compatible with the absence
of oscillations at the 1σ level. The best-fit point is indicated
by a star.

gallium and reactor data. Allowed regions in the
sin2(2θnew) − ∆m2

new plane are displayed in Figure 8,
together with the marginal ∆χ2 profiles for |∆m2

new| and
sin2(2θnew). The combined fit leads to the following con-
straints on oscillation parameters: |∆m2

new| > 1.5 eV2

(95% C.L.) and sin2(2θnew) = 0.14 ± 0.08 (95% C.L.).
An embryo of possible consequences of this result will
be discussed in Section VIII.

Fitting the short-distance νe-disappearance 

Mention et al., PRD 83 073006 (2011)   

sin2 2θnew � 0.1 ∆m2
new � 1 eV2
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Hint #3: Anomalous short-distance νe-appearance 

Giunti and Laveder, arXiv:1107.1452  

    In tension with disappearance searches: 
νµ->νe positive appearance signal incompatible with  
joint νe–>νe (positive) & νµ->νµ (negative) searches  

3+1 3+2 

sin2 2θeµ � 1

4
sin2 2θee sin

2 2θµµ � 4|Ue4|2|Uµ4|2

Warning:  

 ~ 0.1     < few %   ~ few %o 

Theory: 

Experiments: 

LSND
[LSND, PRL 75 (1995) 2650; PRC 54 (1996) 2685; PRL 77 (1996) 3082; PRD 64 (2001) 112007]
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C. Giunti Phenomenology of Sterile Neutrinos 16 May 2011 5/59

  LSND, PRL 75 (1995) 2650 
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Hint #4: Cosmology favors extra radiation 

CMB + LSS tend to prefer 
extra relativistic content  

~ 2 sigma effect 
[Hamann et al., PRL 105, 181301 (2010)] 

- eV masses acceptable only abandoning standard ΛCDM  
  (Kristiansen & Elgaroy arXiv:1104.0704 , Hamann et al. arXiv:1108.4136)   
 
- Ns is not specific of νs     
   (new light particles, decay of dark matter particles, quintessence, …)  
  

Warnings: 
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Can we get some information on νs 
 from the solar neutrino sector? 
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The 4th ν state induces 
a small perturbation of  
the 3-flavor framework 

|Us4| ~ 1 

From the “point of view” of the solar doublet (ν1,ν2)  
we expect similar sensitivity to Ue3 & Ue4  

 Δmsol
 

 Δmatm
 

   Δmnew>1eV2 2 

2 

2 

The 3+1 scheme: 

!1 

!2 

!3 

!e !µ" !#"

!1 

!2 

!3 

!4 

!s 
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Pee = 1− 4
�

j>k

U2
ejU

2
ek sin

2
∆m2

jkL

4E

∆m2
sol � ∆m2

atm � ∆m2
new

Pee = (1− U2
e3 − U2

e4)
2P 2ν

ee + U4
e3 + U4

e4

KamLAND: vacuum propagation 

Exact degeneracy between Ue3 and Ue4 

U2
e3 = c214s

2
13 U2

e4 = s214

 -driven osc. averaged 
 Δmnew

 

 Δmatm
 2 

2 
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Solar ν: Two simple limit cases  

(3ν) 

{Pes = 0

{

θ13 = 0  θ14 = 0 

(4ν) θ13 = 0  θ14 = 0 

/ 

/ 



20 

(θ13,θ12) vs (θ14,θ12) constraints (new reactor fluxes) 

Two similar indications at  
1.8σ  (1.3σ with old fluxes)  

We expect a degeneracy 
among θ13 and θ14 

CC ~ ΦB Pee 

NC ~ ΦB (1-Pes) 

Solar  ν  sensitive to Pes    
CC/NC (SNO) & ES (SK) 

 
  Different correlations 

 
 

ES ~ ΦB (Pee+ 0.15 Pea) 
{

A.P. PRD 83 113013 (2011) [arXiv: 1105.1705 hep-ph]  
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Complete degeneracy 

(θ13,θ14) constraints 

θ13-θ14 indistinguishable 

Solar sector essentially 
sensitive to ~ Ue3 + Ue4

 

Different probes are 
necessary to determine 
if νe mixes with ν3 or ν4   

 

2 2 

Hint for νe mixing with  
 states others than (ν1,ν2) 

A.P. PRD 83 113013 (2011) [arXiv: 1105.1705 hep-ph]  
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FIG. 1: Left panel: regions allowed after marginalization of
the solar (∆m2

sol, θ12) and atmospheric (∆m2
atm, θ23) mass-

mixing parameters by the solar sector data (diagonal bands)
and LBL accelerator data (vertical bands). Right panel: re-
gions allowed by their combination. The contours refer to
∆χ2 = 1 (dotted line) and ∆χ2 = 4 (solid line).

verified that an upward (downward) 1% shift of the re-
actor fluxes corresponds to a 0.15σ increase (decrease) in
the statistical significance of the preference for a non-zero
electron neutrino mixing with ν3 (or ν4). By removing
the KamLAND total rate information from the analysis,
we eliminate any dependency on the reactor flux nor-
malization. In practice, with this procedure, the mixing
angles θ13 and θ14 (and to a large extent also the “solar”
mixing angle θ12) are basically constrained by the solar
data augmented2 by the knowledge of the solar squared-
mass difference ∆m2

sol, whose high-precision determina-
tion is preserved by retaining the KamLAND spectral
shape information.

Analogous considerations apply to the CHOOZ and
D-CHOOZ experiments. Also in this case more (less)
disappearance, and thus a preference of larger (smaller)
values of θ13 or θ14, is driven by higher (lower) reactor
fluxes. Differently from KamLAND, however, the spec-
tral information does not give any information on the
relevant (atmospheric) mass-splitting ∆m2

atm, this being
independently determined by the LBL νµ → νµ disap-
pearance searches performed at accelerators. It should be
stressed that, in principle, the CHOOZ and D-CHOOZ
spectral information could distinguish between the ν3-
driven (distorted) and ν4-driven (undistorted3) oscillated

2 The solar data alone, without the “external” information on
∆m2

sol provided by the KamLAND spectral shape, would have a
reduced sensitivity to all mixing angles. On the other hand, the
KamLAND spectral shape provides little information on these
last ones.

3 It must be stressed that at the far detector (the only one cur-
rently operational at the D-CHOOZ site) the oscillations driven
by the new mass-mixing parameters (∆m2

new, θ14) get com-
pletely averaged if ∆m2

new � 0.1 eV2 (see [23, 24]). Therefore,
in the region of the parameter space of current interest (con-
fined to values of ∆m2

new ∼ 1 eV2), we can safely assume that

spectra, but its impact is negligible in practice since the
expected distortions are very small (see the “Analysis C”
in [24]). Indeed, the observation of such spectral distor-
tions will be a challenge even for the next-generation of
reactor experiments equipped with near detectors [25].
The achievement of this goal appears now even more im-
portant in light of the opportunity of testing and distin-
guishing standard and non-standard physics.

Concerning the data sensitive to ∆m2
sol our analysis

includes all the relevant solar and KamLAND data as de-
scribed in detail in [1], but here the KamLAND absolute
normalization is treated as a free parameter. As in [1] we
have made the assumption that the additional mixing an-
gles involving sterile neutrinos are null (θ24 = θ34 = 0).4

The regions allowed by the combined solar and Kam-
LAND data represented by the diagonal bands in the
left panel of Fig. 1 show no preference for non-zero mix-
ing. This behavior, which is slightly different respect
to that observed in [1] (where we found a weak pref-
erence for non-zero mixing), can be traced to the fol-
lowing three factors: (I) The solar data taken alone give
θ13 = θ14 = 0 as their best fit point;5 (II) The KamLAND
spectral shape taken alone does not show any preference
for non-zero θ13 or θ14;6 (III) The well-known interplay
of KamLAND and solar data in pushing the θ13 (θ14)
estimate upwards (see [1, 6–8, 31]), so as to reduce the
mismatch existing at θ13 = θ14 = 0 among their (slightly
different) determinations of the solar mixing angle θ12,
is now less effective since the KamLAND spectral shape
has reduced sensitivity to this last parameter.

Concerning the data sensitive to ∆m2
atm, we incor-

porate the LBL accelerator results as in [9], account-
ing for the νµ → νµ disappearance searches performed
at K2K [32] and MINOS [33], and the latest νµ → νe
appearance results from MINOS [3] and T2K [4]. This

the (∆m2
new, θ14)-induced oscillations are completely averaged

with a consequent undistorted energy spectrum. Of course, the
situation would be different at a detector located near to the
reactor core (not operational at present), where non-negligible
(∆m2

new, θ14)-induced spectral distortions are expected (see the
discussion in [23]). Finally, we remark that in the solar sector the
new oscillations get averaged provided that ∆m2

new � ∆m2
sol,

as we have shown in [1].
4 The assumption θ24 = θ34 = 0, implying in our parameterization
(see [1]) Uµ4 = 0, is justified by the negative results of the short-
distance disappearance searches performed in the νµ → νµ chan-
nel [26, 27], by the atmospheric data analyses [28], and by the
neutral current interaction searches performed by MINOS [29].
These last ones provide the stringent upper bound θ24 < 7◦ at
the 90% C.L. [29]. For such small values the 4ν-oscillation effects
induced in LBL experiments, being (doubly) suppressed by the
product |Ue4||Uµ4|, would have a negligible impact in our analy-
sis. In passing, we notice that it is for the same reason that the
excess of the electron-like events observed in T2K and MINOS
is not imputable to oscillations into sterile states.

5 This feature has been also reported in other analyses [7, 8] for
what concern θ13.

6 Within a three-flavor framework the same behavior has been ob-
served also in [30].
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But evidence of θ13>0 eats up hint of θ14>0  

Upper limit   

All the  rest 

ALL 

A.P. PRD 85 077302  (2012) [arXiv: 1201.4280 hep-ph]  

sin2 θ14 < 0.04 (90% C.L.)
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e and ē Disappearance

sin22ϑee

Δm
412     

[eV
2 ]

10−2 10−1 1
10−2

10−1

1

10

102

99% C.L.
Bugey3
Bugey4+Rovno
Gosgen+ILL
Krasnoyarsk
νe − 12C
Gallium
SUN

99% C.L.
Bugey3
Bugey4+Rovno
Gosgen+ILL
Krasnoyarsk
νe − 12C
Gallium
SUN

! New Reactor ē Fluxes
[Mueller et al., PRC 83 (2011) 054615]

[Mention et al., PRD 83 (2011) 073006]

[Huber, PRC 84 (2011) 024617]

! KARMEN + LSND

e + 12C 12Ng.s. + e
[Conrad, Shaevitz, PRD 85 (2012) 013017]

[Giunti, Laveder, PLB 706 (2011) 200]

! SUN&KamLAND + 13
[Giunti, Li, PRD 80 (2009) 113007]

[Palazzo, PRD 83 (2011) 113013]

[Palazzo, PRD 85 (2012) 077301]
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Compilation of all the existing limits on θ14 (= θee) 

From C. Giunti @ νTURN 2012	



Solar bound 



Summary�

- 3ν standard paradigm acquired a new piece: θ13 >0; 
  to be taken into account when going beyond 3ν’s. 
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- A few anomalies suggest active ν’s mix with new sterile    
  states and require an enlarged framework (3+1 or 3+n).  

  - Evidence of θ13>0 + solar sector data provide the stringent        
    and robust upper limit:  
 

- However, each indication is problematic per se and/or  
  conflicting with other ones. Further scrutiny is needed.    

- A new experiment indispensable to probe such low values. 

- First interesting information on CPV phase (δ ~ π) & θ23<π/4 	



sin2 θ14 < 0.04 (90% C.L.)
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Backup slides 
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i
d

dx





νe
νµ
ντ
νs



 = H





νe
νµ
ντ
νs





VCC =
√
2GF Ne VNC =

1

2

√
2GF Nn

K =
1

2E
diag(k1, k2, k3, k4) ki =

m2
i

2E

V = diag(VCC , 0, 0, −VNC)

H = UKU
T + V (x)

Solar ν conversion in a 3+1 scheme 

 wavenumbers 
in vacuum 

Useful to write the 
mixing matrix as*: 

MSW potential 

U = R23 S R13 R12 S = R24 R34 R14  

  S = I   -->   3-flavor case  θ14=θ24=θ34=0  -->  

* We assume U to be real but in general it can be complex due to CP phases   



ν� = (R23 S R13)
T ν = AT ν = R12U

T

H
� = A

T
HA = R12KR

T
12 +R

T
13S

T
V SR13

    Change of basis: 

In the new basis: 

H
� �

At zeroth order in:  

V

katm

V

knew
and 

The 3rd & 4th state evolve independently from the 1st & 2nd   

The dynamics reduces to that of a 2x2 system   
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The 2x2 Hamiltonian 
is diagonalized by a 

  1-2 rotation  

The starting Hamiltonian 
is then diagonalized by     

Ũ
T
HŨ = diag(k̃1, k̃2, k3, k4)

R̃
T
12H

�
2νR̃12 = diag(k̃1, k̃2)

Ũ = AR̃12

which defines the solar 
mixing angle in matter  θ̃12(x)

k̃iwavenumbers in matter 

For ν3 and ν4 (averaged) vacuum-like propagation  

Diagonalization of the Hamiltonian 
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r(x) =
VNC(x)

VCC(x)

The 2x2 Hamiltonian:  H2ν = H2ν   +  H2ν  ‘ kin ‘ dyn ‘ 

H
�dyn
2ν = VCC(x)

�
γ2 + r(x)α2

r(x)αβ
r(x)αβ r(x)β2

�

H
�kin
2ν =

�
c12 s12

−s12 c12

��
−ksol/2 0

0 ksol/2

��
c12 −s12

s12 c12

�
ksol =

m2
2 −m2

1

2E

All the dynamical effects induced by the 4th (and 3rd) state are  
2nd order in the sij: small deviations from the standard MSW. 

But important new kinematical effects are present …  

* 

* A.P. PRD 83 113013 (2011) [arXiv: 1105.1705 hep-ph]  



Pee =
4�

i=1

U2
eiŨ

2
ei = U2

e1Ũ
2
e1 + U2

e2Ũ
2
e2 + U4

e3 + U4
e4

Pes =
4�

i=1

U2
siŨ

2
ei = U2

s1Ũ
2
e1 + U2

s2Ũ
2
e2 + U2

s3U
2
e3 + U2

s4U
2
e4

For adiabatic propagation (valid for small deviations around the LMA) 

The elements of U are obtained replacing θ12 with θ12  
calculated in the production point (near the sun center) 

~ 

Expressions for Usi’s 
 valid for θ24 = θ34 = 0 

Expressions for Uei’s  
(always valid)  

∼ 1− s214

∼ 0

{{ ∼ s214∼ 1− s214 − s213

∼ s213

~ 
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