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Wc observe Nature !39 actecting Photons (ancj more)

scattered all over the (Jniverse
Science is based on such observations

I"or the scientific unc!erstancﬂing to be Possible, the
scattering amP]itu&es must contain complete

information about Physica! processes



At the LHC) millions of protons collide every second, Probing
Nature at shortest distances Possible. Experimental data are
analgzed and com!:)arccl with theoretical computations of the
scattering amplituclcs involving electrons, Photons, g]uons, f‘jiggs

scalar etc.

Fortunate!g, elemcntarg Partic]c Phgsicists had 50 years to prepare
forthe | (. At this Point, almost all scattering amplitucles
necessary for studging the standard model and all conceivable
PSOM extensions are known, either in short ana]ytica] orin

numerical form

So whg are we still excited about scattering amplitudes’?



Overthe last decade, many (famous) theorists became increasinglg
frustrated bg tremendous amount of work necessary to compute

some sim!:)le amplituc!es

T ake this one...



N~gluon maxima”g helicitg violating (MIV) tree amplitudc
n pure YM, QCD, SUSY QCD, you name it
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(12)(23) .. (N—IN)(NT)

. FParke, T; Mangano) FParke, Xu;
Berencﬂs, Giele, 1980s)

Notation:
Gamma matrices v* = 0 o" 0 =(1,0) 5 (—1 0
T\ o 5=(1,-5 | ~\0 i

Momenta p;, p* = det(p,5*) =0
Y

(Pin) e = NiaNia Ai = u—(p;) i = U—(p;)

(if) = € Niajs i) = =€ Xiad 5

+ ...



This is not the Emlg one... Other (NMHV) tree amPlitucles c}epenc! on
both A and\ , but are still very simple. " ven the looP corrections,

espccia”g in N=4 S5YM are not so comp]icatecl. Instead of blaming
F@gnman) we should ask:

What are we missing? USuallﬂ, simplicitg hints at sgmmetries. We have

Foincare, gauge, scale invariance (at tree lcch and ?
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Con{:ormal 53mmctry

P*, M,,, D(ilatation) K, (special conformal transformations)

P(a") : z¥ — ¥ + a¥

xH + bH 2
1+ 2bx + b2%x?

K(b") : z¥ — = TP I(zH)

where [ is the inversion .
€T

I:xz" — —y
€T



M (Lorentz)
Comcormal GrouP 50(2,4} = 50(1 + il,_§I+ i) ~ 5U(2,2)

K,P

Func}amental representation:

- wistors ZI — ()\Oé, ILLOé) (FPenrose,1960s)

. A 0 bt A
ol (u) e <au5“ 0 )(ﬂ)

Amplitudes ()\7 5\) & | ourier-[enrose transform 5\ —> v
\U/ (Witten, 2003)

Amplitudes (Z) in twistor space

explicit conformal invariance, elegant description in terms of holomorphic

curves in CF5 1+ but no com!:)e”ing reason for simplicity



Dual Conformal 53mmctr3 Coordmatcs
(Drummond, [Henn, Korchemskg Sokatchev 2008)

33120
Ti | Py =T; —Tj—1 —> Ty = E Pk

ol
Inversion ¥ — —

Momentum | wistors z?

G“lo&gesj ZOO?}

ZI ()\a M—o’aa)\ia)

SUQ,Z) invariants
(ijkl) = ergxrZ; Z;) Z;* Zf

~ _ 1235
eg (2|13 44|5) = Aa(ph + Dy )TuAs = <§2><2?>>>

All tree-level amPlitudes covariant, written in terms of < : > .



Loop (_orrections

Comcorma] (and dual comcormaD symmetry broken bg regularization, butina
“controllable” way -~ can be described as “anomalies”

Complcxitﬂ increases with the looP number: integrals over Fegnman parameters
Proc!uce s!:)ecial functions of kinematic invariants: SPence’s Liz isjust a tiP
of an iccbcrg of Polglogarithms etc. Some ]ooP corrections have interesting
“transcendental” Proper’cies which help N unclerstancling their structure

1. Philosophy

a. Concerned with the a priori or intuitive basis of knowledge as independent of experience.

b. Asserting a fundamental irrationality or supernatural element in experience.

2. Surpassing all others; superior.

3. Beyond common thought or experience; mystical or supernatural.

4. Mathematics Of or relating to a real or complex number that is not the root of any polynomial that has positive degree and rational
coefficients.

| ater, | will discuss transccndentalitg of the ]ow~cncrg9 expansions of
superstring amPlitudes — somewhat simpler because thcg arise from looP
cxpansions of two-dimensional sigma models Clcscribing string world-sheets...
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Superstring Amplitudes

Superstring theorg started in the late 1 900’s as a thcorg unhcging gravity with
the standard model. ] will focus on open superstrings because thég give rise
to massless gauge bosons. Thcg o{:Eer an interesting genera]ization

(c!eFormation) of gauge theories, characterized bgjust one parameter, the

fundamental string mass MS which violates scale (thus comcormaD

invariance.

Just a reminder-itis a thcorg of vibrating strings. (Gluons appear among the
zero modes. [“irst harmonics give rise to massive gluons (mass M9> and sPins
ranging fromoto 2. The second harmonics have masses \/§Ms and spins
up to ... (Gluons have infinite towers of massive, higher spin excitations

(chge resonances) Popu]ating “Regge trajectories” with the slope

1
MZ

Comment: 2\48 Is an arbitrarg parameter. If it were in Fech\/~range, then

o ~ QCD in o/ — 0 low-energy limit

many cross sections, like for the Cl]i—jj]itcproduction, would reveal heavy gluon

resonances, hard to miss atthe |

(Antoniadis, Anchoclroqui, et al) 2000s) 11
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. FU”—-]qCClgCCl supérstring amP]itu&cs are much harder
to compute. Are thcg still “simplc”? We will look at

N~gluon MV superstring amplitu&es

o Are there any remnants of conformal ancJ/or dual

conformal sgmmetries N spite of exPlicit conformal

symmetry breaking bg the string mass”?
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Now in the tree approximation) we need to include infinite number of
Feynman diagrams with whole towers of resonances Propagating in

intermediate channels

=... <V1(—oo)V2(O)V3(1) fzzl dz4Vy(zg) - - sz]\l,_l dZNVN(ZN)>

n.b. vertex Positions similar to Fegnman ]ooP parameters
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Transcendental ]ntegrals

Zz’j = Z; —Zj

— /
— floodz4- . -fzo;_ldzN (zi1i2zi3i4. .. Zin_1in) 1 H2§k<l§N(Zl€l)2a PE DL

all (zi521)7 .., (zijzjk -+~ 2mi) " (Le. closed cycles) cancel

= can be represented by trees, e.g:

e [(42)(52)(32)(87)(76)(62)]s

Treesz“Transccndenta]”: why’?
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Transcenclental ]ntegrals

3. Beyond common thought or experience; mystical or supernatural.
4. Mathematics Of or relating to a real or complex number that is not the root of any polynomial that has positive degree and rational
coefficients.

Example: N:4” (\/Cﬂ@liano~\/irasoro> {:our~gluon amP]itude
i

u

2~ 3t

s — § =2d'p1p2, U =2a'paps

% = [(23)(34)]4 a2t/ fol drx% (1 —x)51

= B(4,8) = £ 2F1 (4,1 — 81+ 4,2 =1)

QCD in o =0 limit. ¢/ - 0 (u,5 < 1) low-energy expansion:

[(23)39)]4 = (o)) "1(L+ 1) = a/C(2)(s +w) + (0)2C(3) (s + u)? + ..
=1 2
C(S) - E ) C(Q) - F 16



Degree of Transcenclentalitg

K otikov, | ipatov, 200%)
DoT'(r) = 0 for rational r Kotikov, Lipator
k

DoT'(r") = DoT ({(k)) = k for positive k
DoT (uv) = DoT' (u) + DoT (v)

[(23)(30)]4 = (o)1 + L) — a/C(2)(s + ) + ()2¢(3) (s + W) +..

In general:

o [... N ~pF,(...,2z1 =1,...) “multiple Gaussian hypergeometric etc.”

e o —0:
[...]xv ~ (&) " NRa_n + (/) N((2)Rs—_n + (/) NC(3)Re—n + ...

o ()T s RN

where DoT'(7,,) = n and R,, are rational homogenous (degree n) functions
of kinematic invariants s;; = 2p;p;.
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Pasis of ]ntegra!s

(N — 3)! -element “chain” basis labeled by ¢ € Perm(4,5,..., N)

2 3 4, N—-1), Ny
C(]TV: . > ® @::renrrreee s ( .......... ‘) °

= [(23)(345) ... (N = 1)o Ny )|

see also Stieherger, 1, 2006
}\/‘a]craJ \5chlot’cererJ Stiebcrgen 2011
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MV Amplitudc for 5uPcr5trings

x(2[3|4s] (2|3 +45|55] - - (2|13 + 45 + ... + (N — 1)5| Ny ]
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MHYV Formula for 5upcr5trings

in terms of dual conformal coordinates

g+ €414 €5 T5 ENTN
> > > — e e
z3 L3z LTy  z Is ZN
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